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In the framework of strain gradient plasticity, two theories have emerged in the literature, which are able to produce –
under certain conditions – the same state equations, extra higher order boundary conditions and dissipation power density
expressions. One of these theories is founded upon the virtual work principle and classical (local) continuum thermodynam-
ics, but requires that the latter principle and the Clausius–Duhem inequality be cast in special forms (Fleck and Hutchinson,
2001; Gurtin, 2000; Gurtin, 2003; Gurtin, 2004; Cermelli and Gurtin, 2002; Gurtin and Anand, 2005; Gurtin and Needleman,
2005; Gudmundson, 2004; Fredriksson and Gudmundson, 2005). This theory (like the couple-stress J2-plasticity theory by
Fleck and Hutchinson (1993, 1997)) can be considered conceptually inspired to the Toupin–Mindlin gradient elasticity the-
ory (Toupin, 1962; Mindlin, 1965; Mindlin and Eshel, 1968; Wu, 1992), whereby the material is treated as a local (or simple)
material, but capable to experience independent deformation modes described by standard (second order) and higher order
strain tensors, whereas the inherent gradient dependence is enforced at the global level of the relevant boundary-value prob-
lem through the compatibility equations (strain gradient–displacement relations).
The other theory (Polizzotto and Borino, 1998; Polizzotto et al., 1998; Polizzotto, 2003a; Polizzotto, 2007; Borino and
Polizzotto, 2007; Liebe and Steinmann, 2001; Abu Al-Rub et al., 2007) grounds upon nonlocal continuum thermodynamics,
featured by the lacking of the principle of the local action (namely, material particles interact not only through contact
forces, but also through long distance actions). Indeed, here the ﬁrst classical thermodynamics principle does hold for the
whole body, not for a portion of it, but the classical point-wise form of the principle is restated on including, into the local
energy balance equation, the pertinent long distance energy interactions, usually by means of the so-called energy residual
(Edelen and Laws, 1971; Edelen et al., 1971; Eringen and Edelen, 1972; Dunn and Serrin, 1985; Maugin, 1990; Polizzotto and. All rights reserved.
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but the latter are constrained to take on only the form of plastic strain gradients. The problem’s gradient dependence is en-
forced at the constitutive level within the framework of nonlocal continuum thermodynamics.
These two theories constitute each a thermodynamically consistent approach to gradient plasticity. The main purpose of
the present paper is to investigate upon the conceptual and methodological features of these two theories and their respec-
tive merits. For shortness, the above gradient plasticity theories will be here referred to with the labels virtual work principle
(VWP)-based and residual-based, respectively.
The outline of the paper is the following. In Section 2, some preliminaries to gradient plasticity are reported, and a dis-
tinction is made between higher order (HO) plastic strains that are dependent on the standard plastic strains, or not. Relating
to the case of dependent HO plastic strains (i.e. expressed as plastic strain gradients), the residual-based gradient plasticity
theory is presented in Section 3, where interpretations of the HO boundary conditions and long distance energy interactions
are given in terms of moving geometrically necessary dislocations (GNDs) and associated double traction and double veloc-
ity. Next, relating to the case of independent HO plastic strains, the VWP-based gradient plasticity theory is presented in Sec-
tion 4. Section 5 is devoted to a comparison between the two theories. In Section 6, an interface model is addressed ﬁrst by
the residual-based theory, then by the VWP-based one. Conclusions are in Section 7.
Notation. A compact notation is used, with boldface letters denoting vectors or tensors of any order. The scalar product
between vectors or tensors is denoted with as many dots as the number of contracted index pairs. For instance, denoting
by u = {ui}, v = {vi}, e = {eij}, r = {rij}, s = {sijk} and A = {Aijkh} some vectors and tensors, one can write: u  v = uivi, r:e = rijeji,
A:e = {Aijkhehk}, A..
.
s = {Aijkhshkj}. No special mark is used to denote the tensor product, for instance uv = {uivj}. The summa-
tion rule for repeated indices holds and the subscripts denote components with respect to an orthogonal Cartesian
co-ordinate system, say x = (x1, x2, x3). An upper dot over a symbol denotes its time derivative, _u ¼ ou=ot. The symbol
$ denotes the spatial gradient operator, i.e. $u = {oiuj}, whereas $sym denotes its symmetric part, that is,
$symu = {(oiuj + ojui)/2}. The symbol :¼means equality by deﬁnition. Other symbols will be deﬁned in the text at their ﬁrst
appearance.2. Gradient plasticity
In a solid of domain V, let the generic material element exhibit plastic deformation modes described by a symmetric sec-
ond-order strain tensor, say ep ¼ fepijg (six components), as well as by a third-order strain tensor, say gp ¼ fgpkijg, symmetric in
the last two indices (18 components). Also, let the material be endowed with a Helmholtz free energy potential, say w, ex-
pressed in the form:w ¼ weðeeÞ þ winðep; gpÞ ð1Þwhere ee denotes the elastic strain, such that e = ee + ep is the total strain. Both we and win are twice differentiable with respect
to their respective arguments. The possible existence of scalar, or vector, internal variables among the arguments of win (nec-
essary if one wishes to account for local, or gradient, isotropic hardening) is disregarded. Small deformation and isothermal
conditions are considered. Inertia forces are negligible.
The kind of plasticity considered here is labeled gradient to mean that, at the global level of the boundary-value problem,
the higher order (HO) plastic strain tensor, gp, identiﬁes itself with the spatial gradient of ep, that is, gp = $ep, or gpkij ¼ okepij ,
everywhere in V. However, two cases can be distinguished according to whether, at the material constitutive level, gp is con-
sidered independent of ep, or instead gp is identiﬁed with the plastic strain gradient $ep.
In the ﬁrst case, the material simply exhibits a set (ep, gp) of independent plastic strain modes richer than in classical plas-
ticity (in which gp  0). The material is a local (or simple) material like the classical one and the principle of the local action
holds: namely, in isothermal conditions, the material elements interact with one another only through the contact forces.
Independent ﬂow laws are to be given for _ep and _gp; but, in analogy with the Toupin–Mindlin gradient elasticity theory (Tou-
pin, 1962; Mindlin, 1965; Mindlin and Eshel, 1968; Wu, 1992) (see also Polizzotto (2003b)), the gradient relationship be-
tween gp and ep is enforced at the global level of the boundary-value problem through the strain compatibility equations.
This is the view taken on by the VWP-based gradient plasticity theory, as it will be better explained in Section 4.
In the second case, gp = $ep everywhere in V at the constitutive level. This constitutive requirement, whereby the
material experiences HO plastic strain modes solely in the shape of plastic strain gradients, is rendered satisﬁed by
the existence of some microstructure internal constraints with the consequent long distance particle interactions in-
duced within any deformation process. Hence, the principle of the local action does not hold; namely, in isothermal con-
ditions, the material particles interact with one another not only through the contact forces, but also through long
distance actions. The material is nonlocal, which implies that the pertinent constitutive equations cannot be established
looking at an individual isolated material element (as it is possible to do for a classical simple material), but requires
consideration of the material as a whole. The particle interactions are here macroscopically represented by a scalar var-
iable (energy residual), say P, having the meaning of the power density transmitted to the generic particle by all other
particles in the body. This is the view taken on by the residual-based gradient plasticity theory, as it will be better ex-
plained in next Section.
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This approach grounds upon the residual-based gradient plasticity theory. This theory has been previously presented
elsewhere (Polizzotto and Borino, 1998; Polizzotto et al., 1998; Polizzotto, 2003a; Polizzotto, 2007; Borino and Polizzotto,
2007); see also Liebe and Steinmann (2001), Abu Al-Rub et al. (2007). Using partly different arguments, the essentials are
hereafter reported together with some additions and improvements, in particular regarding a micromechanics interpretation
of the HO boundary conditions and the long distance energy interactions (Section 3.2).
3.1. General
In the residual-based theory the material experiences standard plastic strains, ep, shaped as a C1  continuous ﬁeld in V,
and HO plastic strains only in the form gp = $ep; hence, it is to be treated as a nonlocal material. For this purpose, the Clau-
sius–Duhem inequality is enforced as in the following:D :¼ r : _eþ P  _wP 0 in V ð2Þ
Here, D is the plastic dissipation power density, r denotes the contact stress that the surrounding material imparts to the
generic material particle, w is as in (1), whereas the scalar P is the energy residual, or simply residual, (Edelen and Laws, 1971;
Edelen et al., 1971; Eringen and Edelen, 1972; Dunn and Serrin, 1985; Maugin, 1990; Polizzotto and Borino, 1998; Polizzotto
et al., 1998; Polizzotto, 2003a; Polizzotto, 2003b; Polizzotto, 2007). Eq. (2) differs from its classical counterpart solely for the
presence of P; it thus recovers its classical format in the case of simple materials (in which P  0).
A remark is in point here. In classical nonlocal continuummechanics (see e.g. Kunin (1968), Edelen and Laws (1971), Ede-
len et al. (1971), Eringen and Edelen (1972), Eringen (2002) and references therein), several residuals were introduced into the
theoretical formulations, as for instance residuals of body and surface forces, mass, energy and the like, in the purpose tomac-
roscopically account, within every balance equation, for the complex long distance particle interactions accompanying defor-
mation processes. But these formulations proved to be rather cumbersome for the presence of so many residual-like state
variables. Additionally – excluding themass residual because no chemical processes are involved in the present context – only
the energy residual is to be considered objective, i.e. invariant under arbitrary rigid-body rotations (see e.g. Huang (2004)). As
a matter of fact, a single scalar variable is nowadays employed as energy residual, just like in the present theory, see Eq. (2).
Coming back to the proposed theory, central ingredients of it are, besides the notion of energy residual, the following
three assumptions:
I. Insulation condition, mathematically expressed in the form (Edelen and Laws, 1971; Edelen et al., 1971; Eringen and
Edelen, 1972; Polizzotto and Borino, 1998; Polizzotto et al., 1998):Z
V
PdV ¼ 0 for all deformation mechanisms ð3ÞThis condition states that no long distance energy interactions are allowed to occur between particles in V and the exterior
world. It implies that the body (or material) is globally simple, that is, it is constitutively insulated from the inﬂuence of other
external bodies.
II. Bilinear dissipation condition, which extends to gradient plasticity the classical thermodynamics concept whereby the
dissipation density exhibits a bilinear form in terms of independent plastic strain rates, or ﬂuxes, and of related afﬁn-
ities; that is, in the present context (in which _ep collects all the independent plastic strain modes):D ¼ q : _ep in V ð4Þ
where q denotes some ‘‘plastic” stress tensor, function of _ep. Such a requirement is usually recalled under the name of
‘‘Onsager reciprocity principle”, which is thus assumed to hold also in the present context of gradient plasticity.
III. Locality recovery condition, mathematically expressed as (Polizzotto et al., 2006)P ¼ 0 in V and for all gradient-free deformation mechanisms ð5Þ
This condition constitutes a thermodynamic assessment of a requisite as a rule demanded to any nonlocal-type phenome-
nological constitutive model, whereby the model behaves as a simple one whenever the plastic strain ﬁeld is uniform in V.
Note that, as a consequence of the deﬁnitions given above, the material is a simple (or local-type) material if, and only if,
P = 0 in V for all deformation mechanisms. Also note that, was the insulation condition (3) satisﬁed for every subdomain
V0  V, the residual Pwould be identically vanishing and thus thematerial would be a simplematerial (what is here excluded).
3.2. The thermodynamic restrictions
Eq. (2) is here used to derive the pertinent restrictions upon the constitutive equations. On expanding the time derivative
of w and with classical arguments of constitutive equation theory (Colemann and Gurtin, 1967; Rice, 1971; Germain et al.,
1983; Lemaitre and Chaboche, 1990), but leaving for the moment unspeciﬁed the evolution laws, Eq. (2) gives:
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oee
ðeeÞ in V ð6Þ
D ¼ ðr sð0ÞÞ : _ep  sð1ÞT... _gp þ P P 0 in V ð7Þ
where the stress tensors sð0Þ ¼ fsð0Þij g and sð1Þ ¼ fsð1Þkij g are given bysð0Þ :¼ owin
oep
ðep;repÞ; sð1Þ :¼ owin
ogp
ðep;repÞ ð8ÞLet us note that the tensors ep and gp  $ep, as arguments of win in (1) and (2), macroscopically represent, respectively, the so-
called statistically stored dislocations (SSDs) and geometrically necessary dislocations (GNDs) (Fleck et al., 1994; Fleck and
Hutchinson, 2001). Hence the stress tensors s(0) and s(1) of (8) represent (macroscopic) internal stress distributions which
arise in V as a consequence of the existence in V of SSDs and GNDs, respectively. s(0) and s(1) can be interpreted as continuum
macroscopic counterparts of the classical Peach–Koehler forces acting upon dislocations.
Next, let us substitute D from (4) into (7) to obtain:P ¼ q : _ep  ðr sð0ÞÞ : _ep þ sð1ÞT... _gp in V ð9ÞThis, by an integration over V, writing _gp ¼ r_ep and then applying the divergence theorem, givesZ
V
PdV ¼
Z
V
ðq rþ sð0Þ  r  sð1ÞÞ : _epdV þ
Z
S
n  sð1Þ : _epdS ð10Þwhere n is the unit outward normal vector to S: = o V. In (10), the volume integral on the right-hand side represents the total
long distance mutual particle interactions associated to the generic deformation mechanism _e, hence it has to vanish iden-
tically (the mutual long distance interactions between every two particles cancel each other). Therefore, the following con-
dition holds:q ¼ r s in V ð11Þ
where s denotes the total back stress given bys :¼ sð0Þ  r  sð1Þ in V ð12Þ
whereas (10) simpliﬁes asZ
V
PdV ¼
Z
S
n  sð1Þ : _epdS ð13ÞThe surface integral on the right-hand side of (13) expresses the total long distance energy transmitted to the body by
some supposedly existing external agencies. Eqs. (11) and (12) are a particular case of analogous equations given by Polizz-
otto (2007) for a more general context, where gradient isotropic hardening was also considered. Eq. (12) is a second-order
PDE system relating the total back stress, s, to ep through (8).
Substituting from (11) and (12) into (9) then yieldsP ¼ r  sð1Þ : _ep þ sð1ÞT...r_ep ¼ r  ðsð1Þ : _epÞ in V ð14Þwhich provides the constitutive equation for P.
Integration of (14) upon any subdomain V0  V gives, after application of the divergence theorem:Z
V0
PdV ¼
Z
S0
n  sð1Þ : _epdS ¼
Z
S0
qð1ÞðnÞ : _e
pdS ð15Þwhereqð1ÞðnÞ :¼ n  sð1Þ ð16Þwhereas S0: = oV0 and n is the unit outward normal to S0. Eq. (15), already given and discussed by Polizzotto (2007), is here
heuristically re-interpreted in terms of moving GNDs. Namely, at the generic time t of the deformation process, the double
traction qð1ÞðnÞ of (16) (dimension: moment per unit area) can be interpreted as the ‘‘macroscopic force” per unit area acting on
the GNDs that ﬂow through the surface element dS 2 S0, at a point where the outward normal is n, at that time. This double
traction qð1ÞðnÞ works through the kinematic quantity _e
p, which can here be macroscopically interpreted as the ﬂux (i.e. some
kind of velocity) with which the GNDs ﬂow across the mentioned surface element. For analogy with the double traction qð1ÞðnÞ
(Love, 1927), the related work-conjugate factor _ep in (15) is named double velocity. It can thus be stated that, according to
(15), the double traction qð1ÞðnÞ acting on the GNDs at points of S0, together with the double velocity _e
p with which the GNDs
ﬂow through S0, are responsible for the long distance energy received by the subdomain V0 from the outside.
For V0 = V, hence S0 = S, Eq. (15) transforms into (13), or equivalently
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V
PdV ¼
Z
S
qð1ÞðnÞ : _e
pdS ð17Þwhich thus provides the total nonlocality energy residual transmitted to the whole body by the exterior world. Since in gen-
eral _ep 6¼ 0 only within a subdomain Vp  V, the boundary Sp: = oVp can be decomposed as follows:Sp ¼ SpðintÞ [ SpðextÞ ð18Þ
where Sp(int) denotes the moving elastic/plastic boundary that separates Vp from the instantaneously elastic subregion, Ve,
whereas Sp(ext)  S. Also note that, for the assumed C1-continuity of _ep in V, it is_ep ¼ 0; r_ep ¼ 0 on SpðintÞ ð19Þ
and, as a consequence_qð1ÞðnÞ ¼
oqð1ÞðnÞ
oep
 !
: _ep þ oq
ð1Þ
ðnÞ
orep
 !T
..
.r_ep ¼ 0 on SpðintÞ ð20ÞEq. (19) implies that no long distance particle interactions can ﬂow into Vp through the moving elastic/plastic boundary
Sp(int). Eq. (17) can thus be recast in the following further simpliﬁed form:Z
V
PdV ¼
Z
Vp
PdV ¼
Z
SpðextÞ
qð1ÞðnÞ : _e
pdS ð21ÞIn the general case in which the integral on the left-hand side of (21) is supposedly nonzero, it can be considered the result of
contributions from boundary data speciﬁed as follows:_ep ¼ e assigned; but qð1ÞðnÞ free; on Sð1Þpc  SpðextÞ ð22Þ
qð1ÞðnÞ ¼ Q assigned; but _ep free; on Sð1Þpf  SpðextÞ n Sð1Þpc ð23ÞThese, in the assumed loading conditions, are the (higher order, HO) boundary conditions accompanying the PDE system
(12).
The nonhomogeneity of the latter boundary conditions, although acceptable from a purely mechanical point of view,
would imply that the body is not constitutively insulated, that is, other (external) bodies, whose action is macroscopically
described by the boundary data e and Q, do have an inﬂuence upon the hardening behavior of the material particles and thus
the body is not globally simple. A necessary and sufﬁcient condition in order that the body (or material) be globally simple is
that the HO boundary conditions (22) and (23) be homogeneous, that is, e = 0 on Sð1Þpc and Q = 0 on S
ð1Þ
pf , or equivalently, that
the global insulation condition (3) be satisﬁed, as assumed. Nonvanishing boundary data, i.e. e 6¼ 0 and/or Q 6¼ 0, would indi-
cate that the considered body is a portion of a larger globally simple one, in which S = oV may constitute an internal discon-
tinuity surface.
As a consequence of the above, the extra (HO) boundary conditions for a (globally simple) material can be cast, remem-
bering (19) and (20), as follows:_ep ¼ ep ¼ 0 on Sð1Þpc  SpðextÞ ð24Þ
_qð1ÞðnÞ ¼ qð1ÞðnÞ ¼ 0 on Sð1Þpf  SpðextÞ n Sð1Þpc ð25Þ
_ep ¼ _qð1ÞðnÞ ¼ 0 on SpðintÞ ð26ÞThese coincide with analogous equations given by Polizzotto (2007), Borino and Polizzotto (2007) within a wider context,
where gradient isotropic hardening was also considered. It is worth noting that conditions (24) and (25) hold in both rate
and time ﬁnite form (Sp(ext) lies on the ﬁxed boundary S), whereas condition (26) holds only in rate form (Sp(int) is moving).
The clamping boundary condition (24) means that the surface Sð1Þpc plays the role of a barrier to the motion of GNDs, which
thus can there cumulate with no limits and correspondingly the double traction qð1ÞðnÞ can there take any value; in other words,
ep has to vanish on Sð1Þpc , whereas $e
p can there take any value (Shu et al., 2001). On the contrary, the free boundary condition
(25) implies that the surface Sð1Þpf offers no obstacles to the moving GNDs, which can thus move freely to the outside; in other
words, whereas ep can take any value, qð1ÞðnÞ has to vanish correspondingly. Eqs. (24) and (25) correspond, respectively, to the
micro-hard and micro-free boundary conditions advanced by Gurtin (2004), Gurtin and Needleman (2005).
The boundary condition (26), which relates to the moving elastic/plastic boundary surface Sp(int), deserves a special com-
ment. At the generic time t of the deformation process, the boundary Sp(int) takes on a location within the V domain such as it
can there play the role of instantaneous HO free boundary with zero double velocity. This means that, in the current deformation
mechanism, it is _qð1ÞðnÞ ¼ 0 on Sp(int) just like on Sð1Þpf ; however, whereas _ep can be nonzero on Sð1Þpf , it has to vanish on Sp(int) for
continuity reason with respect to the adjacent elastic zone, Ve. In the vicinity of Sp(int) both _ep andr_ep tend to vanish, Eq. (19).
The residual P of (14) obviously satisﬁes the insulation condition (3). The locality recovery condition (5) requiresr  sð1Þ ¼ r  owin
ogp
 
¼ 0 in V ð27Þ
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homogeneously with a degree greater than one whenever it explicitly depends on x, (Polizzotto, 2007).
All the desired thermodynamic restrictions for the gradient plasticity under consideration have been so obtained. These
include: the ﬁeld Eqs. (6), (8), (11), (12) and (16), as well as the HO boundary conditions (24)–(26). The material model
exhibits a gradient kinematic hardening governed by the PDE system (12) and boundary conditions (24)–(26).
To complete the description of the model’s behavior, the evolution laws are to be ﬁxed. For this model, only the plastic
strain rate _ep needs being modeled, hence we can write, for instance in the case of rate-independent and associative plastic-
ity, using a standard notation:Fðr sÞ 6 0; _kP 0; _kFðr sÞ ¼ 0 ð28Þ
_ep ¼ _k oF
or
ð29Þwhere F is the (convex, smooth) yield function. Any set of stress and plastic strain rate ﬁelds complying with (28) and (29)
satisﬁes the constraint DP 0 everywhere in V, as it can be easily proved.
4. VWP-based approach to gradient plasticity
This approach is rooted on the VWP-based gradient plasticity theory (Fleck and Hutchinson, 2001; Gurtin, 2000; Gurtin,
2003; Gurtin, 2004; Cermelli and Gurtin, 2002; Gurtin and Anand, 2005; Gurtin and Needleman, 2005; Gudmundson, 2004;
Fredriksson and Gudmundson, 2005). In this theory, the material experiences HO plastic strains, gp, independent of the stan-
dard plastic strains, ep; it thus, as already noted in Section 2, is to be treated as simple, whereas the gradient relation between
these two plastic strains is to be enforced at the global structural level. This theory has been elaborated for both continuum
and crystal plasticity models; here, however, the continuum formulation of the theory is referenced. A short presentation of
the VWP-based theory is given hereafter.
A key original idea of this theory (see e.g. Gurtin (2000, 2003, 2004)) is the concept of material’s work expenditure in a
generic deformation mechanism, which in the present context reads_w :¼ r : _ee þ rp : _ep þ sT... _gp in V ð30Þ
Here, the strain rate set ð_ee; _ep; _gpÞ is related to the generic actual deformation mechanism, whereas the stress set (r, rp, s)
is the set of work-conjugate stresses doing work correspondingly and called microstresses after Gurtin (2003).
Central ingredients of the theory in question are, besides the concept of material’s work expenditure, the virtual work
principle and the Clausius–Duhem inequality, both written in special ad hoc forms.
4.1. Special-form virtual work principle and consequences
In the present context, this principle can be written for the whole body as follows:Z
V
ðr : _ee þ rp : _ep þ sT... _gpÞdV ¼
Z
V
b  _udV þ
Z
ST
T  _udSþ
Z
SM
M : _epdS ð31Þwhere, for simplicity of notation, the dotted symbols play the role of virtual kinematic variables. Here, b is body force spec-
iﬁed in V, T traction speciﬁed on ST,M double traction speciﬁed on SM. The double tractionM – with its feature of doing work
through the plastic deformation modes, but not through the elastic ones – is referred to, after Gurtin (2003), as microforce.
Eq. (31) is a global balance between the internal virtual power (on the left-hand side) and the external virtual power (on the
right-hand side). It is a featuring point of the VWP-based theory to compute the internal virtual power, not aswork of the contact
stresses through the virtual strains as usual, but as the sum of contributions of material’s virtual work expenditures in the body.
Eq. (31) has to hold for any deformation mechanism satisfying the compatibility relations:_e ¼ _ee þ _ep ¼ rsym _u in V ; _u ¼ 0 on Su :¼ S n ST ð32Þ
_gp ¼ r_ep in V ; _ep ¼ 0 on Se :¼ S n SM ð33ÞSince, obviously, the standard virtual work principle continues to hold (it in fact is incorporated into (31) as a special case),
Eq. (31) decouples into two analogous principles as follows:Z
V
r : _edV ¼
Z
V
b  _udV þ
Z
ST
T  _udS ð34Þ
Z
V
ðrp  rÞ : _ep þ sT... _gp
 
dV ¼
Z
SM
M : _epdS ð35ÞThe former, (34), is the standard virtual work principle holding under conditions (32); the latter, (35), is a sort of inner (or
microforce) virtual work principle holding under conditions (33). On applying the divergence theorem, one can easily obtain
from (31), or also from (34) and (35), the equilibrium equations as follows:
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rp ¼ rþr  s in V ; n  s ¼M on SM ð37ÞEq. (36) collects the standard equilibrium equations, Eq. (37) the inner (or microforce) equilibrium equations.
4.2. Special-form Clausius–Duhem inequality and consequences
The Clausius–Duhem inequality is cast in the following special form:D :¼ ðr : _ee þ rp : _ep þ sT... _gpÞ  _wP 0 in V ð38Þ
where the dotted kinematic variables now relate to the actual deformation mechanism and moreover the expression within
parentheses coincides with the material’s work expenditure of (30). w is still given by (1) and the HO strains, gp, are indepen-
dent of ep.
Since (38) holds for any deformation mechanism, expanding the time derivative of w and substituting rp from (37)1, one
easily obtains from (38)r ¼ ow
e
oee
ðeeÞ in V ð39Þ
D ¼ ðrþr  s r^pÞ : _ep þ ðs s^pÞT... _gp P 0 in V ð40Þ
wherer^p :¼ ow
oep
ðep; gpÞ; s^p :¼ ow
ogp
ðep; gpÞ ð41ÞEq. (39) is the elasticity law (coinciding with (6)), whereas r^p and s^p denote back stresses both related to ep and gp through
the ﬁnite (i.e. nondifferential) relations (41). In the (nonnegative) dissipation expression (40) the ‘‘plastic” stresses r* and s*,
given byr :¼ rþr  s r^p; s :¼ s s^p ð42Þ
are expressed in terms of the HOmicrostress tensor, s, for which no state equation is provided by the present thermodynamic
procedure. s is only required to satisfy the boundary equilibrium Eq. (37)2, hence it is indeterminate.
Eqs. (39)–(41) describe an elastic/plastic constitutive model which exhibits an elastic behavior whereby r is related to ee
through (39), as well as a rigid-plastic behavior whereby the ‘‘plastic” stresses r* and s* are related each to _ep and _gp through
the evolution laws. These laws can be written, denoting by F the (convex, smooth) yield function, always in the case of rate-
independent associative plasticity:Fðr; sÞ 6 0 _kP 0; _kFðr; sÞ ¼ 0 ð43Þ
_ep ¼ _k oF
or
; _gp ¼ _k oF
os
ð44ÞBy Eqs. (43) and (44) the stresses r* and s* prove to be uniquely determinate only in the region of V where _k > 0, whereas in
the remaining part of V, where F < 0, or even F = 0 and _F < 0, both these stresses are indeterminate. As a consequence, by (42),
the HO microstress, s, proves to be plastically determinate only in the region of V where _k > 0.
4.3. Particularizations
The above unpleasant indeterminacy of the obtained constitutive model can be eliminated by choosing a sound state
equation for the HO microstress, say s = s(ep, gp), see e.g. Gudmundson (2004), Fredriksson and Gudmundson (2005). A sig-
niﬁcant choice consists in the assumption (Cermelli and Gurtin, 2002; Gurtin, 2003; Gurtin, 2004; Gurtin and Anand, 2005;
Gurtin and Needleman, 2005):s ¼ s^p in V [ S; n  s ¼M ¼ 0 on SM ¼ ST ð45ÞAs a consequence of this choice, Eq. (42) givesr ¼ r rb; s ¼ 0 in V ð46Þ
where rb is a back stress tensor expressed asrb :¼ r^p r  s^p in V ð47Þ
whereas (40) reduces toD ¼ ðr rbÞ : _ep P 0 in V ð48Þ
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differential relation _gp ¼ r_ep, see Eq. (33)1. The result is that the constitutive model, with the choice in (45), transforms into
an elastic/plastic one with kinematic hardening, whereby the stress r is (as before) elastically related to ee through (39), and
moreover the (total) back stress rb is related to ep through Eq. (47). The latter equation turns out to be a second-order PDE
system with HO boundary conditions in (33)2 and (45)2.
Remark 1. It is observed that the particular constitutive model obtained here above with the choice (45) actually coincides
with the one (uniquely) provided by the residual-based approach of Section 3. In fact, in consequence of (45), the following
identities can be recognized to holdr^p ¼ sð0Þ; s^p ¼ sð1Þ; rb ¼ s; r rb ¼ q in V ð49ÞIn other words, under the conditions (45), the VWP-based approach loses its inherent stress indeterminacy and corre-
spondingly leads to the same gradient constitutive model to which the residual-based approach by its own nature un-
iquely leads.5. Comparison of the residual-based theory with the VWP-based one
On the basis of what precedes, it emerges that the residual-based gradient plasticity theory exhibits conceptual and
methodological differences with respect to the VWP-based one. Most of these differences are clariﬁed in details in the next
subsections.
5.1. The Clausius–Duhem inequality and its modiﬁcations
Both gradient theories employ the Clausius–Duhem inequality cast in suitable forms, each including one or more new
state variables apt to account for the strain gradient dependence. More precisely, in the residual-based theory a single
new (scalar) variable, the energy residual P, is ab initio introduced into the classical Clausius–Duhem inequality (see Eq.
(2)) as the only macroscopic energetic representation of the underlined complex microstructural deformation processes.
All the other strictly needed state variables, together with the related state equations, come out as a by-product of a standard
thermodynamic procedure.
In contrast, in the VWP-based theory a few new (tensor-valued) state variables (rp, s) are ab initio introduced into the
Clausius–Duhem inequality (see Eq. (38)) as work-conjugate variables associated with the independent plastic deformation
modes ð_ep; _gpÞ accompanying the material microstructure deformation process.
The VWP-based theory actually offers, with respect to the residual-based one, a wider insight upon the underlined micro-
structural deformation processes, but the energy residual does possess the essential information needed at this stage of the
theoretical analysis.
5.2. The thermodynamic restrictions on constitutive equations and their uniqueness
Both gradient theories make use of the Clausius–Duhem inequality in order to derive restrictions on the constitutive
equations. More precisely, in the residual-based theory, the Clausius–Duhem inequality of nonlocal continuum thermody-
namics, Eq. (2), used in conjunction with the insulation condition (3), the bilinear dissipation condition (4) and the locality
recovery condition (5), makes it possible to uniquely determine all the mentioned restrictions, whereby every state variable
is equipped with a state equation.
In contrast, in the VWP-based theory, the (modiﬁed) Clausius–Duhem inequality (38), used in conjunction with the inner
VWP (35), or the microforce equilibrium Eq. (37), does not make it possible to uniquely determine the mentioned restric-
tions. In fact, the HO microstress tensor, s, work-conjugate of the HO plastic strain tensor, gp, proves to be indeterminate
because not endowed with a state equation, what is cause of a rigid-plastic behavior of the resulting constitutive model. This
outcome is quite surprising in the presence of a material model endowed with an energy potential. On the other hand, as
soon as the further (heuristic) restrictions (45) are imposed, the VWP-based theory provides a constitutive model identical
to the one uniquely obtained with the residual-based theory.
5.3. The HO boundary conditions and their homogeneity
The residual-based gradient plasticity theory leads to homogeneous HO boundary conditions, Eqs. (24)–(26). This feature
of the residual-based theory looks like a restriction with respect to the VWP-based theory. This theory in fact admits the
existence of external double tractions M, which make nonhomogeneous the static-type HO boundary conditions, Eq.
(37)2. The latter tractions M are excluded in the residual-based plasticity theory because they are incompatible with the
globally simple material features there considered. As a matter of fact, all, or almost all, authors of the WVP-based gradient
plasticity theory ultimately consider these double tractions M to be vanishing.
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The VWP-based gradient plasticity theory enforces the Clausius–Duhem inequality formally without consideration of an
energy residual, as shown by Eq. (38). However, let us note that (38) can be recast in the formD ¼ r : _e _wþ P P 0 in V ð50Þ
where P*, by (37)1, can be expressed asP ¼ ðrp  rÞ : _ep þ sT... _gp ¼ r  s : _ep þ sT... _gp ð51Þ
P* has the role of a latent energy residual, which comes into play under the particularization (45) in which, as previously
observed, _gp  r_ep. In fact, we can write, correspondinglyZ
V
PdV ¼
Z
V
ðr  s : _ep þ sT...r_epÞdV ¼
Z
S
n  s : _epdV ¼ 0 ð52Þin virtue of (33)2 and (45)2.
In other words, the special-form Clausius–Duhem inequality (38), typical of the VWP-based gradient plasticity theory,
actually incorporates a latent energy residual which – in the absence of external double tractions M – coincides with the
residual P of the residual-based theory. This fact explains why the general constitutive model obtained with the VWP-based
theory can be particularized into the same constitutive model obtained with the residual-based theory.
6. Application to interface models
6.1. General
In this section, a body of (open) domain V is considered, which is divided into two (open) subdomains v1 and v2 by a (reg-
ular) surface SI, such that V = v1 [ v2 [ SI. SI can be an open surface cutting the body boundary surface, S, or also a closed sur-
face inside V, such that v2 is an inclusion. In the following, reference is made to the former case, but the results subsequently
obtained hold (to within some obvious changes) for both.
The surface SI may be a simple geometrical interface between two adjacent subdomains with possibly different material
characteristics, or also a physical interface obtained as the idealization of a very thin layer with speciﬁc properties. Small
deformation and isothermal conditions are again considered within the framework of gradient plasticity.
Both the bulk material and the interface are assumed to possess a speciﬁc free energy density, say w and wI, respectively. w
is taken as in (1), but with the position gp  $ep and _ep being C1  continuous in v = v1 [ v2; wI is assumed in the form:wI ¼ wIðn;rSnÞ ð53Þ
where n is an internal (scalar) variable with the meaning of accumulated plastic strain-like quantity related to the presumed
isotropic hardening of the interface. Although n needs being deﬁned only on SI, in the following it is however treated as a
C1  continuous ﬁeld of V, i.e. n = n(x) in V. The symbol $S in (53) denotes the surface gradient operator acting on SI, deﬁned asrS :¼ ðd nnÞ  r; or rSi ¼ ðdij  ninjÞoj ð54Þ
where n = {ni} denotes unit normal to SI (e.g. oriented from v1 to v2) and d = {dij} is the second order unit tensor. For simplic-
ity, a possible dependence of wI on the plastic strain discontinuity across the interface is not taken into consideration.
Restrictions on the constitutive equations for the bulk material and the interface are hereafter determined, ﬁrst by the
residual-based gradient plasticity theory, then (in Section 6.4) by the VWP-based one.
6.2. Restrictions on the constitutive equations by the residual-based theory
The residual-based gradient plasticity theory of Section 3 is here used to derive the above restrictions. This task is
achieved in several steps.
STEP 1. Proceeding as in Section 3 for the bulk material, Eqs. (6)–(9) are found to hold also here, but gp  $ep in v. Therefore,
integration of (9) over v and applying the divergence theorem givesZ
v
PdV ¼
Z
v
ðq rþ sÞ : _epdV þ
Z
S
n  sð1Þ : _epdS
Z
SI
½½n  sð1Þ : _epdS ð55Þwhere s and s(1) are given by (12) and (8)2. In (55), which is an extension of (10), the symbol [[()]] denotes jump of () across
SI.
STEP 2. The interface dissipation density (power per unit area) can be obtained by considering a suitably oriented material
element dV that contracts to become a surface element dS of SI (Cermelli and Gurtin, 2002; Polizzotto, 2002). At the
limit, accounting for the (assumed) nonlocal nature of the interface, one obtains
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wherep :¼ n  r; _g ¼ ½½ _u on SI ð57Þ
Moreover, PI is the interface energy residual (dimension: power per unit area), which represents the long distance energy
transmitted to the generic unit area element of SI from the rest of the interface as a consequence of the nonlocality.
Next, expanding the time derivative of wI, Eq. (56) can be rewritten asDI ¼ p  _g  Rð0Þ _n Rð1Þ  rS _nþ PI P 0 on SI ð58ÞwhereRð0Þ ¼ Rð0Þðn;rSnÞ :¼ owI
on
; Rð1Þ ¼ Rð1Þðn;rSnÞ :¼ owI
oðrSnÞ ð59ÞOn the other hand, by the bilinear dissipation condition, DI is expected to take on a bilinear form as
_ _DI ¼ p  g  Rn on SI ð60Þwhere R is some (scalar) drag stress. Next, substitution of DI from (58) into (60) givesPI ¼ Rð0Þ _nþ Rð1Þ  rS _n R _n on SI ð61Þ
and, after integration over SIZ
SI
PIdS ¼
Z
SI
ðRð0Þ  RÞ _ndSþ
Z
SI
Rð1Þ  rS _ndS ð62ÞSTEP 3. The last surface integral of (62) can be transformed by writingZ
SI
Rð1Þ  rS _ndS ¼
Z
SI
rS  ðRð1Þ _nÞdS
Z
SI
rS  Rð1Þ _ndS ð63ÞBy the surface divergence theorem (Mindlin, 1965; Wu, 1992) we can then writeZ
SI
rS  ðRð1Þ _nÞdS ¼
Z
SI
Kn  Rð1Þ _ndSþ
Z
CI
m  Rð1Þ _ndl ð64ÞHere, K = :$S  n is the mean curvature of SI at the generic point with unit normal n, whereasm denotes the unit vector at the
generic point of the contour CI: = oSI, deﬁned as m: = l 	 n, where l = unit tangential vector of CI.(Note: if SI has edges, the
contour integral in (64) has to be obtained as the sum of contributions from every regular surface portion of SI. Also, in
the case of closed surface SI, it is CI = ;, hence the last integral on the right-hand side of (64) is zero; but, if SI has edges
or corners, the mentioned integral is not vanishing, see e.g. Mindlin (1965), Wu (1992) for the form taken on by this integral.)
Therefore, on introducing the modiﬁed surface gradient operatorrS :¼ rS  Kn; or rSi ¼ rSi  Kni ð65Þ
Eq. (63) becomesZ
SI
Rð1Þ  rS _ndS ¼ 
Z
SI
rS  Rð1Þ _ndSþ
Z
CI
m  Rð1Þ _ndl ð66ÞNext, substituting from (66) into (62) givesZ
SI
PIdS ¼
Z
SI
ðRð0Þ  rS  Rð1Þ  RÞ _ndSþ
Z
CI
m  Rð1Þ _ndl ð67Þwhich replaces (62).
STEP 4. Summing Eqs. (55) and (67) with each other and by the insulation condition, the following equality is obtained:Z
v
PdV þ
Z
SI
PIdS ¼
Z
v
ðq rþ sÞ : _epdV þ
Z
S
n  sð1Þ : _epdSþ
Z
SI
ðRð0Þ  rS  Rð1Þ  RÞ _ndS

Z
SI
½½n  sð1Þ : _epdSþ
Z
CI
m  Rð1Þ _ndl ¼ 0 ð68ÞSince (68) holds for any deformation mechanism in the bulk material and in the interface, as well as for any choice of the
evolution laws, and thus for arbitrary ﬁelds _ep in v [ S and _n on SI [ CI, the necessary and sufﬁcient conditions for (68) prove
to be the following:
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R ¼ Rð0Þ  rS  Rð1Þ on SI ð70Þ
n  sð1Þ : _ep ¼ 0 on S ð71Þ
½½n  sð1Þ : _ep ¼ 0 on SI ð72Þ
m  Rð1Þ _n ¼ 0 on CI: ð73ÞEq. (70) together with (59) constitute a second-order PDE relating the drag stress R to the scalar n. This PDE is the interface
counterpart of the analogous PDEs relating s to ep within the bulk volume, that is, Eq. (12). Whereas (72) states a continuity
condition across SI, Eqs. (71) and (73) collect the static and kinematic boundary conditions analogous to (24)–(26). The de-
tailed expressions of these boundary conditions are skipped here because straightforward.
STEP 5 . On substituting (69) into (9) and (70) into (61), the following expressions are obtained for P and PI:P ¼ r  ðsð1Þ : _epÞ in V ð74Þ
PI ¼ rS  ðRð1Þ _nÞ on SI ð75Þas it can be veriﬁed (details are skipped for brevity). Eqs. (74) and (75) show that, in analogy to s(1) (this is the internal HO
stress tensor arising within v as a consequence of the existing GNDs, see Section 3.2), R(1) is an internal stress vector arising
in the interface for the same reason. By integration of (74) over v1, v2 and v, and also of (75) over SI, and then applying the
standard and surface divergence theorems, we obtain, by (71)–(73):Z
v1
PdV ¼
Z
C1
n  sð1Þ : _epdS; ðC1 :¼ ov1 \ SIÞ ð76Þ
Z
v2
PdV ¼ 
Z
C2
n  sð1Þ : _epdS; ðC2 :¼ ov2 \ SIÞ ð77Þ
Z
v
PdV ¼ 
Z
SI
½½n  sð1Þ : _epdS ¼ 0; by ð72Þ ð78Þ
Z
SI
PIdS ¼
Z
CI
m  Rð1Þ _ndl ¼ 0; by ð73Þ ð79ÞIn Eqs. (76) and (77), n is the unit normal to SI oriented from v1 to v2. The symbols C1 and C2 in (76) and (77) have been
introduced in order to make a useful distinction between the interface SI and its faces (i.e. C1 and C2) adjacent to v1 and
v2, respectively.
Eqs. (76)–(79) state that long distance energy can in general be transmitted between particles in v1 and particles in v2, except
when the integrals (76) and (77) are vanishing. The latter circumstance occurs whenever the interface is a plastically active
physical interface, as explained in next step. In terms of GNDs, the above means that GNDs can travel across the interface
between v1 and v2, except when SI is plastically active, in which case it acts as a barrier to the motion in question.
As shown by Eqs. (74) and (75), no long distance energy is interchanged between the bulk volume and the interface, what
can be considered correct for a gradient model like the present one. The only form of bulk volume/interface interaction al-
lowed realizes by contact actions through the equilibrium and discontinuity compatibility conditions in (57) (and possibly
through the analogous conditions for the plastic strain discontinuities across the interface, was wI dependent on these
discontinuities.
STEP 6. Two cases can thus be distinguished concerning the HO boundary conditions.
Case 1. The interface SI is a simple geometrical interface ( _g ¼ 0 and _n ¼ 0 everywhere on SI, Fig. 1a). Then, _ep is continuous
across SI, such that (72) becomes½½n  sð1Þ : _ep ¼ 0 on SI ð80Þ
which implies the continuity of the double traction qð1ÞðnÞ ¼ n  sð1Þ across SI. The latter result coincides with an analogous one
given by the author elsewhere (Polizzotto, 2007). The integrals (76) and (77) are in general nonvanishing (but their values
are each opposite to the other).
Case 2. The interface SI is a plastically active physical interface ( _g 6¼ 0 and _n 6¼ 0 in the whole, or part of, SI, Fig. 1b). _ep can be
discontinuous across SI, with independent values on both sides C1 and C2 of SI, hence (72) splits into the conditionsn  sð1Þ : _ep ¼ 0 on C1 and C2 ð81Þ
which demands that n  s(1) be vanishing on the portions of C1 and C2 lying within Vp. Eq. (81) looks like (71), as if the sub-
domains v1 and v2 were occupied by distinct solids; in fact, correspondingly, the integrals (76) and (77) prove to be vanish-
ing, whichmeans that the insulation condition holds for each individual subdomain v1 and v2. The notable feature of gradient
plasticity, whereby it provides regularized plastic strain rate responses across an internal boundary surface (Fleck and
Hutchinson, 1993), is lost when this boundary is an active physical interface.
Vp
Vp
Sp(int)
Sp(int)SI SI
υ1
υ1
Fig. 1. Elastic/plastic body with an interface SI: (a) SI is a simple geometrical interface, hence the insulation condition holds in v = v1 [ v2, the GNDs can
move through SI, the double traction ðpð1ÞðnÞÞ and double velocity ð_epÞ are continuous across SI; b) SI is a plastically active physical interface ð _g 6¼ 0Þ, hence the
insulation condition holds for v1 and v2 separately, the interface is a barrier impeding GNDs to move through it, the HO boundary conditions are to be
written considering v1 and v2 as distinct solids.
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The results of the preceding Section 6.2 are here completed with the evolution laws. In the case of rate independent asso-
ciative plasticity, the evolution laws of the bulk material remain as in (28) and (29). Independent evolution laws are to be
ﬁxed for the interface. Basing on (60), we can set, for instance/ ¼ /0ðpn;psÞ  R p0 6 0; _jP 0; _j/ ¼ 0 ð82Þ
_gn ¼ _j o/0opn
; _gs ¼ _j o/0ops
; _n ¼ _j ð83Þwhere pn, ps are normal and tangential components of p on SI, and analogously for _gn; _gs and _g.
In (82) p0 > 0 denotes the initial strength. The drag stress R is related to n by the second-order PDE (70) and HO boundary
conditions in (73). Assuming, for instancewI ¼
1
2
A1n
2 þ 1
2
A2krSnk2 ð84Þwhere A1 and A2 are some constants, we obtainRð0Þ ¼ A1n;Rð1Þ ¼ A2rSn ð85Þ
R ¼ A1n A2 r2n ð86ÞHere, the symbol r2 denotes the surface Laplacian differential operator, that is, denoting by $2 the ordinary Laplacian
operatorr2 ¼ r2  o2n ð87ÞCorrespondingly, the boundary condition (73) states that, on the contour CI, either _n ¼ 0, or m  $Sn = 0 (i.e. the surface gra-
dient $Sn has to be tangential to CI, $Sn = oln l).
On choosing the constants A1 and A2 and the function /0 in suitable ways, different types of constitutive behavior of the
interface can be modelled both for the shear and the normal deformation modes, including the case of softening in the nor-
mal extensive deformation. But this issue is not further pursued here because out of purpose.
We ﬁnally note that any set ðp;R; _g; _n; _jÞ complying with (82) and (83) satisﬁes the nonnegativity restriction DIP 0, since
in fact we can write for such set, by (60):DI ¼ p  _g  R _n ¼ pn _gn þ ps  _gs  R _n ð88Þ
¼ pn
o/0
opn
þ ps 
o/0
ops
 R
 
_jP p0 _jP 0 ð89Þwhere the (tacitly assumed) convexity of /0 has been used.
Note: Eqs. (82) and (83) hold on SI, hence they provide _n as a ﬁeld of SI. However, as required in Section 6.2, the latter ﬁeld can
always be thought of as a C1  continuous ﬁeld of V by a suitable continuation of it throughout V. The form chosen for this con-
tinuation has no consequences for the above results; these in fact depend on the function n(x) only through its pattern over SI.
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Let the interface problem considered before be here addressed by the VWP-based gradient plasticity theory assuming for
this purpose that no microforces act on the body, i.e.M is identically vanishing. The virtual work principle can be written as
follows (Cermelli and Gurtin, 2002; Gudmundson, 2004):Z
v
ðr : _ee þ rp : _ep þ sT...r_epÞdV þ
Z
SI
ðp  _g þ X _nþ Y  rS _nÞdS ¼
Z
V
b  _udV þ
Z
S
tðnÞ  _udS ð90Þwhere, for simplicity sake, the dotted quantities play the role of virtual kinematic variables. Moreover, t(n) denotes traction
on S, whereas X and Y = {Yi} are some stress-like quantities work-conjugate of _n and rS _n, respectively.
By means of the standard and surface divergence theorems, Eq. (90) can be transformed as follows:
Z
V
ðr  rþ bÞ  _udV þ
Z
S
ðn  r tðnÞÞ  _udS
þ
Z
SI
ðp n  rÞ  _gdSþ
Z
v
ðrp  rr  sÞ : _epdV
þ
Z
SI
ðX  rS  YÞ _ndSþ
Z
S
n  s : _epdS

Z
SI
½½n  s : _epdSþ
Z
CI
m  Y _ndl ¼ 0
ð91ÞThis provides the standard equilibrium equations, that isr  rþ b ¼ 0 in V ; n  r ¼ tðnÞ on S; n  r ¼ p on SI ð92Þ
as well as the ﬁeld microforce equilibrium equations, that isrp ¼ rþr  s in V ; X ¼ rS  Y on SI ð93Þ
together with the related HO boundary conditions synthesized as follows:n  s : _ep ¼ 0 on S ð94Þ
½½n  s : _ep ¼ 0 on SI ð95Þ
m  Y _n ¼ 0 on CI ð96ÞEqs. (94)–(96) exhibit a mathematical structure as Eqs. (71)–(73), but involve the microstresses s and Y instead of the HO
stresses s(1) and R(1).
Next, in the light of (90), the Clausius–Duhem inequality for the bulk material and the interface can be straightforwardly
written asr : _ee þ rp : _ep þ sT...r_ep  _wP 0 in V ð97Þ
p  _g þ X _nþ Y  rS _n _wI P 0 on SI ð98Þwhere the dotted kinematic quantities now relate to the generic actual deformation mechanism. On expanding the time
derivatives of w and wI and by (93), (97) and (98) provide, besides the elasticity law (39), or (6), the dissipation expressions
as follows:D ¼ ðrþr  s sð0ÞÞ : _ep þ ðs sð1ÞÞT...r_ep P 0 in V ð99Þ
DI ¼ p  _g  ðRð0Þ  rS  YÞ _nþ ðY  Rð1ÞÞ  r _nP 0 on SI ð100Þwhere s(0), s(1), R(0) and R(1) are given by (8) and (59).
Let us note that, in (99) and (100), the strain rate tensorsr_ep andr _n – in spite of their being explicitly labeled as strain-rate
Gradients – are to be considered as HO strain modes independent of _ep and _n. The thermodynamic procedure provides no state
equations for s and Y, which therefore are indeterminate (they have only to satisfy the boundary conditions in (94)–(96)).
This indeterminacy is readily eliminated by choosing, on heuristic bases, s as a function s(ep, $ep), and Y as a function Y(n,
$Sn). In this way a particular well-deﬁned gradient model may be generated. The simplest and computationally more attrac-
tive one is obtained with the choice (Cermelli and Gurtin, 2002; Gurtin, 2003; Gurtin, 2004; Gurtin and Anand, 2005; Gurtin
and Needleman, 2005):s ¼ sð1Þ in V ; Y ¼ Rð1Þ on SI ð101Þsuch that Eqs. (99) and (100) become, remembering (12) and (70)D ¼ ðr sÞ : _ep P 0 in V ð102Þ
DI ¼ p  _g  R _nP 0 on SI ð103Þ
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gradient plasticity theory after the choice (101), coincides with the analogous model of the residual-based gradient plasticity
theory. Whereas the latter theory uniquely determines the state equations of the nonlocal gradient plasticity model, the
VWP-based one leads to the same result only by suitable heuristic choices about the HO microstresses s and Y.
Remark 2. The interface problem above, used only to accomplish a comparison, deserves being further investigated for
different aspects, as geometry, topology, grain boundary effects, size dependence, and the like. This will be done in a separate
paper to follow.7. Conclusion
The residual-based gradient plasticity theory (Polizzotto and Borino, 1998; Polizzotto et al., 1998; Polizzotto, 2003a;
Polizzotto, 2007; Borino and Polizzotto, 2007) has been reconsidered and some what improved with additions whereby
the global insulation condition is physically motivated and the higher order (HO) boundary conditions and long distance en-
ergy interactions are heuristically interpreted in terms of moving geometrically necessary dislocations (GNDs).
This theory has been then compared with the analogous VWP (virtual work principle)-based theory of the literature
(Fleck and Hutchinson, 2001; Gurtin, 2000; Gurtin, 2003; Gurtin, 2004; Cermelli and Gurtin, 2002; Gurtin and Anand,
2005; Gurtin and Needleman, 2005; Gudmundson, 2004; Fredriksson and Gudmundson, 2005). As a conclusion of this com-
parison, these theories can be characterized as in the following.
In the residual-based gradient plasticity theory, the material is treated as nonlocal, but globally simple. The problem’s gra-
dient features are enforced at the constitutive level. The classical Clausius–Duhem inequality is there used, but enriched by
the energy residual, a scalar variable accounting for the gradient dependence. This inequality together with the insulation con-
dition, the bilinear dissipation condition and the locality recovery condition determine uniquely all the restrictions upon the con-
stitutive equations. These include, besides the elasticity law, the hardening law in the form of PDEs and (homogeneous)
higher order (HO) boundary conditions, as well as the expressions of the (nonnegative) dissipation power density and of
the energy residual.
In the VWP-based gradient plasticity theory, the material is treated as simple and the problem’s gradient features are en-
forced – in analogy with the Toupin–Mindlin gradient elasticity theory – at the global level of the relevant boundary-value
problem through the strain compatibility conditions. The virtual work principle and the Clausius–Duhem inequality, but cast
in special forms incorporating a few microstress tensors, are used to derive the restrictions upon the constitutive equations.
These include, besides the elasticity law, an expression of the (nonnegative) dissipation power density, but no state equa-
tions are provided for the microstress tensors, with consequent rigid-plastic behavior of the constitutive model. With a suit-
able choice of a state equation for the HO microstress tensor, this inherent indeterminacy disappears, and then the
constitutive model happens to coincide with the one of the residual-based theory.
The VWP-based theory allows the body to be loaded by a class of external microforces (double tractions) which do work
through the plastic strains, but do not through the elastic ones. These microforces make nonhomogeneous the static-type HO
boundary conditions and have a direct inﬂuence on the plasticity constitutive equations. The residual-based theory does not
admit such microforces because incompatible with the notion of globally simple material.
An interface model has been used in order to better point out the main conceptual analogies and differences between the
two gradient plasticity theories. Indeed, both these theories seem to operate for the search of a same sound and thermody-
namically consistent constitutive model. On one hand, the residual-based theory, which grounds on a suitably restricted
(and however general enough) theoretical framework, accomplishes this task in a straightforward manner; on the other
hand, the VWP-based theory, which grounds on a less restrictive theoretical framework, accomplishes the same task with
the need of further heuristic choices.
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